In this paper, we study the gravitational waveforms, polarizations and radiation powers of the first relativistic triple systems PSR J0337 + 1715, observed in 2014, by using the post-Newtonian approximations to their lowest order. Although they cannot be observed either by current or next generation of the detectors, they do provide useful information to test different theories of gravity. In particular, we carry out the studies in three different theories, general relativity (GR), BransDicke (BD) gravity, and Einstein-aether (ae) theory. The tensor modes h+ and h× exist in all three theories and have almost equal amplitudes. Their frequencies are all peaked at two locations, f 14.2138µHz, which are about twice of the outer and inner orbital frequencies of the triple system, as predicted in GR. In ae-theory, all the six polarization modes are different from zero, but the breathing h b and longitudinal hL modes are not independent and also peaked at two frequencies. A somehow surprising result is that these peaked frequencies are not two times of those of the inner and outer orbital frequencies, as for the h+ and h× modes, but instead, they are almost equal to them, f . We also study the radiation powers, and find that the quadrupole emission in each of the three theories has almost the same amplitude, but the dipole emission can be as big as the quadrupole emission in ae-theory. This can provide a very promising window to obtain severe constraints on ae-theory by the multi-band gravitational wave astronomy.
In this paper, we study the gravitational waveforms, polarizations and radiation powers of the first relativistic triple systems PSR J0337 + 1715, observed in 2014, by using the post-Newtonian approximations to their lowest order. Although they cannot be observed either by current or next generation of the detectors, they do provide useful information to test different theories of gravity. In particular, we carry out the studies in three different theories, general relativity (GR), BransDicke (BD) gravity, and Einstein-aether (ae) theory. The tensor modes h+ and h× exist in all three theories and have almost equal amplitudes. Their frequencies are all peaked at two locations, f 14.2138µHz, which are about twice of the outer and inner orbital frequencies of the triple system, as predicted in GR. In ae-theory, all the six polarization modes are different from zero, but the breathing h b and longitudinal hL modes are not independent and also peaked at two frequencies. A somehow surprising result is that these peaked frequencies are not two times of those of the inner and outer orbital frequencies, as for the h+ and h× modes, but instead, they are almost equal to them, f . We also study the radiation powers, and find that the quadrupole emission in each of the three theories has almost the same amplitude, but the dipole emission can be as big as the quadrupole emission in ae-theory. This can provide a very promising window to obtain severe constraints on ae-theory by the multi-band gravitational wave astronomy.
I. INTRODUCTION
The concept of gravitational waves (GWs) was first developed by Einstein in 1916 right following his general theory of relativity (GR). He proposed that GWs are the ripples of spacetimes that are propagating with the speed of light [1] . A century passed, the Laser Interferometer Gravitational-Wave Observatory (LIGO) first verified his GW theory by directly detecting the GW signal on Sep. 14, 2015 [2] . After this, ten more GWs have been detected by LIGO Scientific Collaboration and Virgo Collaboration [3] [4] [5] [6] [7] [8] . The sources of these eleven GW events were all from binary systems of black holes, except for the signal GW170817, which was from a binary neutron stars [7] .
In fact, there are about 13% of low-mass stellar systems containing three or more stars [9] , and 96% of low-mass binaries with periods shorter than 3 days which are part of a larger hierarchy [10] . Recently, a realistic triple system was observed, named as PSR J0337 + 1715 (J0337 for short) [11] , which consists of an inner binary and a third companion. The inner binary consists of a pulsar with mass m 1 = 1.44M and a white dwarf (WD) with mass m 2 = 0.20M in a 1.6 day orbit. The outer binary consists of the inner binary and a second dwarf with mass m 3 = 0.41M in a 327 day orbit. The two orbits are very circular with its eccentricities e I 6.9 × 10 −4 for the inner binary and e O 3.5 × 10 −2 for the outer orbit. The two orbital planes are remarkably coplanar with an inclination 0.01
o [See Fig. 1 ]. A triple system is an ideal place to test the strong equivalence principle [12] . Remarkably, after 6-year observations, recently it was found that the accelerations of the pulsar and its nearby white-dwarf companion differ fractionally by no more than 2.6 × 10 −6 [13] , which provides the most severe constraint on the violation of the strong equivalence principle.
In this paper, we investigate this triple system in three different theories of gravity, GR, Brans-Dicke (BD) grav-ity, and Einstein-aether (ae) theory, by using the postNewtonian approximations to their lowest order. We shall pay particular attention on the differences predicted by these theories. Although neither the current generation of detectors nor the next one can detect the GWs emitted by this system, it serves well as a realistic example to show clearly the different predictions from each of these theories. In particular, we shall study the radiation power, gravitational waveforms, their polarizations, and Discrete Fourier transfom (DFT). Among the modified theories of gravity, ae-theory locally breaks the Lorentz symmetry by introducing a globally time-like unit vector field (the aether) [14] , while in BD gravity the gravitational interaction is mediated by both a scalar and a tensor fields [15] .
Specifically, the paper is organized as follows: In Sec. II, we study the gravitational waveforms, polarization modes and their Fourier transforms in GR, BD gravity and ae-theory, respectively, while in Sec. III we investigate the emission powers of the GW in each of these three theories. Due to the presence of the extra vector and scalar modes in ae-theory, and only the scalar mode in BD gravity, the total emission power is different in each of the three theories. In particular, we find that the dipole emission in ae-theory can be as large as the quadrupole emission in GR, which can provide a very promising window to obtain severe constraints on aetheory by the multi-band gravitational wave astronomy [16] . There also exists an appendix, in which we present a very brief introduction to ae-theory [14] .
In this paper, we will adopt the following conventions: All the repeated indices i, j, k, l (i, j, k, l = 1, 2, 3) will be summed over regardless they are up or down, while repeated indices a, b, c (a, b, c = 1, 2, 3) will not be summed over unless the summation is explicitly indicated. We also set the speed of light equal to one (c = 1). The metric signature is (−, +, +, +).
II. GRAVITATIONAL WAVEFORMS AND THEIR POLARIZATIONS
When a GW passes two test masses, the distance between them will be changed. Assuming that ζ i denotes the spatial coordinates between these two test masses in the Minkowski coordinates x µ = (t, x, y, z), the equations of the geodesic deviation in the weak-field approximations read,ζ
where i, j = 1, 2, 3, as mentioned previously, and R µναβ denotes the linearized Riemann tensor, which is determined by the field equations of a given theory. Different theories will have different field equations, so different theories also yield different components of R 0i0j . Therefore, in the following we shall consider the three theories, GR, BD gravity, and ae-theory, separately. 
FIG. 1:
Orbit of the NS, inner WD and the outer WD where ls stands for the light second. This plot shows the trajectories observed in the center-of-mass system for about 330 days starting from 01-04-2012 [12] . Note that to save memory, instead of plotting the trajectories over 500 days, here we just plot it for 330 days.
A. Gravitational Waveforms and Their Polarizations in GR
In GR, the equations of the geodesic deviation take the form [17] ,ζ
with R ≡ |x| denoting the distance from the observer to the source and G N denoting the Newtonian constant.
In the above equations, T T represents the transversetraceless part of the tensor, which can be obtained by applying T T operator Λ ijkl ,
where
, where e Z ≡ N denotes the propagation direction of the GW from the source to the observers. Thus, (e X , e Y ) forms a plane orthogonal to the propagation direction N of the GW. In the (t, x, y, z) coordinates, they are given by,
where ϑ and ϕ are the two spherical angular coordinates. For the case of J0337, ϑ and ϕ are 0 • and 270
• , respectively [11] . In GR, h and corresponds, respectively, to the plus ("+") and cross ("×") polarizations, which are given by,
In Figs. 2 and 3, we plot these two components, from which it can be seen that the amplitudes of both modes is about 10 −23 , which is in the range of the designed sensitivity of the current generation of the ground-based detectors, such as, LIGO, Virgo and KGRA, but not their frequencies (See, e.g. [18] ).
To obtain the Fourier transform for each polarization mode, instead of using the continuous Fourier transform,
t dt, we adopt the discrete Fourier transform (DFT),
where inner are about twice of the outer and inner orbital frequencies of the triple system, but not exactly equal. In GR, for a binary system the GW frequency is exactly equal to two times of their orbital frequency [17] . However, it must be noted that here the difference is due to the presence of the third component of the triple system.
B. Gravitational Waveforms and Their
Polarizations in ae-Theory
In ae-theory, the equation of the geodesic deviation reads [19] ,ζ where
and φ ij , Ψ I i and Φ II are, respectively, the gauge-invariant quantities of the tensor, vector and scalar modes defined in [19] . The quantities c V and c S denote the speeds of the vector and scalar modes, respectively. Due to their presence, the polarizations of a GW have five independent modes which are given respectively by [19] 
16)
, and so on. We have also defined,
where x i a is the location of the a-th body and I ≡ I kk . For more details, see [19] . From the above expressions, we can see that the longitudinal mode h L is proportional to the breathing mode h b . Besides, h X and h Y modes are suppressed by the factor c 13 , which is c 13 10 −15 . In this paper, we shall choose the four coupling constants c i 's as, 19) which satisfy all the theoretical and observational constraints given by Eq.(A.11) (See also the [27] ). Note that for this choice we have c 13 = 0, and then the two modes h So, in the rest of this paper, we shall not consider them any further. In Figs. 2 and 3 , we plot the two polarization modes h ae + and h ae × , while in Figs. 4 and 5, we plot their Fourier transforms. From these figures, it can be seen clearly that these two modes are almost identical to the ones given in GR, after all the constraints of ae-theory are taken into account.
However, in addition to these two modes, ae-theory predicts three more independent modes, h and c 13 
10
−15 [19] , as can be seen from Eq.(2.12). In Fig. 6 Fig.  7 . It is remarkable that now the two peaked frequencies are only about one time as large as the ones of the orbital frequencies for the outer and inner binaries, where the outer and inner orbital frequencies f orb inner and f orb outer of the triple system are given by Eq.(2.9). Thus, these frequencies are about equal to f orb inner and f orb outer , but not exactly.
Note that, recently, we studied binary systems in aetheory and found that the polarization modes h b and h L all contain two frequency modes, one is equal to their orbital frequency and one is twice of their orbital frequency [20] . Again, the reason that f inner are not exactly equal to the outer and inner orbital frequencies f orb inner and f orb outer of the triple system is due to the influence of the third component of the triple system, rather than the predictions of the theory itself. 
C. Gravitational Waveforms and Their Polarizations in BD Gravity
The metric perturbation and scalar field perturbation are given by [21] , 
where ω BD is the BD parameter of the theory. In this paper, we choose sensitivities such that s 1 (for pulsar) = 0.2, s 2 (for inner WD) = 0, s 3 (for outer WD) = 0 and the coupling constant ω BD = 10 5 [13] . Note that in writing the above expressions, we had dropped the nonpropagating terms in ϕ BD . Then, the components R 0i0j of the Riemann tensor can be cast in the form,
Then, it can be shown that there are only three independent polarization modes, given, respectively, by is smaller than h ae b , as can be seen from Fig. 6 . But, somehow it is surprising that its Fourier transform has also two peaked frequencies and are equal to these of h ae b and h
Thus, in contrast to the polarization modes h + and h × , which also have two peaked frequencies, but are about twice of those of the outer and inner orbital frequencies.
III. RADIATION POWERS
In GR, the total radiation power is given by [17, 23] ,
where Q ij is the mass quadrupole moment defined in Eq.(2.18) and the angular brackets denote the time average as in [25] 1 . Note that in this section we shall not distinguish the time t and its corresponding retarded time. Strictly speaking, all the quantities should be evaluated at the retarded time. However, it is not necessary for our current purpose.
The reference frame is chosen such that the inclination is 39.25
• , where the inclination is the angle of the plane of the orbit relative to the (x, y)-plane perpendicular to the line-of-sight from Earth to the pulsar. In Fig. 8 , we plot the radiation power in GR for about 500 days, where the inserted smaller image shows the details from day 11 to day 21.
In ae-theory, from [19, 24] we find that
where Σ i is defined as 
with [25] ,
. In Fig. 9 , we plot the radiation power in ae-theory of the parts A, B and C separately, for about 500 days. Again, the inserted smaller images are from day 11 to day 21. Note that at every moment during the 500 days in the plot, the A part of ae-theory is quite close to that of GR with the difference proportional to c 14 [19] ,
From this figure, it is also clear that the dipole part C has almost the same amplitude as that of the quadrupole part A, while the monopole part B is suppressed by a factor c 14 , as now we have α i O(c 14 ), Z O(1) [19] . The large magnitude of the dipole contribution C seemingly contradicts to the analysis given in [19] . In particular, Eq.(3.13) in [19] shows that W NS C /W NS A 10 −2 , where
where A, C and Σ are all given explicitly in [19] . However, in deriving Eq.(3.6) we assumed that O v 2 10 −5 , while in the current case we find that the relative velocities of the inner binary system are of the order of O v 2
10
−7 . After this is taken into account, we find
for the current triple system. It is remarkable to note that, with the multi-band gravitational wave astronomy [16] , joint observations of GW150914-like by LIGO/Virgo/KAGRA and LISA will improve bounds on dipole emission from black hole binaries by six orders of magnitude relative to current constraints [26] . Thus, it is very promising that the third generation of detectors, both space-borne and groundbased, could provide severe constraints on ae-theory. In BD gravity, following [21] we obtain
where M i 1 and M ij 2 are defined by Eq.(2.23). Note that in writing down the above expressions, we had dropped the non-propagating terms.
In Fig. 10 , we plot the radiation power in BD gravity for about 500 days, where the inserted smaller image shows the details only for 10 days (from day 11 to day 21) . Note that at every moment during the 500 days, the first part of BD is quite close to that given in GR. In fact, we find that 
IV. CONCLUSIONS
In this paper, we studied the gravitational waveforms, their polarizations and Fourier transforms, as well as the radiation powers of the relativistic triple systems PSR J0337 + 1715, observed in 2014 [11] . This system consists of an inner binary and a third companion. The inner binary consists of a pulsar with mass m 1 = 1.44M and a white dwarf with mass m 2 = 0.20M in a 1.6 day orbit. The outer binary consists of the inner binary and a second dwarf with mass m 3 = 0.41M in a 327 day orbit. The two orbits are very circular with its eccentricities e I 6.9 × 10 −4 for the inner binary and e O 3.5 × 10
for the outer orbit. The two orbital planes are remarkably coplanar with an inclination 0.01 o [See Fig. 1 ]. Our studies were carried out in three different theories, GR, BD gravity, and ae-theory. In GR, only the tensor mode exists, so a GW has only two polarization modes, the so-called, plus (h + ) and cross (h × ) modes. Their amplitudes and Fourier transforms are plotted in Figs. 2 -4, from which it can be seen that their amplitude is about 10 −23 , while their frequencies are peaked in two locations, f (+,×) 1 = 0.0686656µHz (for the outer orbit) and f (+,×) 2 = 14.2138µHz (for the inner orbit), respectively. These are about two times of the inner and outer orbital frequencies of the triple system, and agree well with the GR predictions [17] .
In ae-theory, all the six polarization modes are different from zero, but the beating (h b ) and longitudinal (h L ) modes are not independent and are related to each other by Eq.(2.12). In comparing with h + and h × , however, they are suppressed by a factor c 14 which is observationally restricted to c 14 10 −5 [27] . A somehow surprising result is that the two peaked frequencies are not two times of those of the inner and outer orbital frequencies of the triple system. Instead, they are about equal to them, f Fig. 7] . The other two independent polarization modes in aetheory are the vector modes, h X and h Y , which are all proportional to c 13 . The current observations from GW170817 [7] and GRB 170817A [28] on the speed of the tensor mode requires c 13 10 −15 . Therefore, these two modes are highly restricted by the limit of the speed of the tensor mode.
We also studied the radiation power due to the tensor, vector and scalar modes in ae-theory, and three different parts were plotted in Fig. 9 . The amplitude of the quadrupole part (A), contributed from all of these three modes, tensor, vector and scalar [19, 24] is quite comparable with that of GR. But, the monopole (B) part has contributions only from the scalar mode, while the dipole (C) part has contributions from both the scalar and vector modes, but does not have any contributions from the tensor mode, as expected [19, 24] . The monopole part is suppressed by a factor c 14 O 10 −5 , but the dipole part is almost in the same order of the quadrupole part. With the arrival of the multi-band gravitational wave astronomy [16] , joint observations of GW150914-like by LIGO/Virgo/KAGRA and LISA will improve serve constraints on the dipole emission [26] . Thus, the multi-band gravitational wave astronomy will provide a very promising direction to constrain ae-theory.
We also carried out similar studies in BD gravity, and the relevant quantities were plotted in Figs. 2 -7 and 10. Due to the severe observational constraint on the BD parameter ω BD 10 5 , we did not find significant deviations from GR, except that the frequency of the breathing mode h b is also peaked in two locations, f Recently, the combination of the gravitational wave event GW170817 [7] , and the event of the gamma-ray burst GRB 170817A [28] provides a remarkably stringent constraint on the speed of the spin-2 mode, Imposing further the following conditions: (a) the theory is free of ghosts; (b) the squared speeds c 2 I (I = S, V, T ) must be non-negative; (c) c 2 I − 1 must be greater than −10 −15 or so, in order to avoid the existence of the vacuum gravi-Čerenkov radiation by matter such as cosmic rays [32] ; and (d) the theory must be consistent with the current observations on the primordial helium abundance |G cos /G N − 1| 1/8, where G cos ≡ G ae /(1+(c 13 + 3c 2 )/2) [30] , together with Eq.(A.9) and the conditions, Finally, we note that the theoretical and observational constraints of ae-theory and gravitational waves were also studied in [34] .
